In this paper, we study the quenching behavior of semidiscretizations of the heat equation with nonlinear boundary conditions. We obtain some conditions under which the positive solution of the semidiscrete problem quenches in a finite time and estimate its semidiscrete quenching time. We also establish the convergence of the semidiscrete quenching time and obtain some results on numerical quenching rate. Finally we give some numerical results to illustrate our analysis.
Introduction
In this paper, we study the behavior of a semidiscrete approximation of the following heat equation involving nonlinear boundary flux conditions: u t (x, t) = u xx (x, t), x ∈ (0, a), t ∈ (0, T ), (1.1) u x (0, t) = (1 − u(0, t)) −p , u x (a, t) = (1 − u(a, t)) −q , t ∈ (0, T ),
where m, n 0, p, q > 0 and u 0 satisfies the compatibility conditions, i.e., u 0 (0) = (1 − u 0 (0)) −p , u 0 (a) = (1 − u 0 (a)) −q . The problem is said to be quench if there exists a finite time T such that,
The study of heat equation with nonlinear boundary conditions has deserved a great deal of interest in recent years and has been used to model, for example, heat transfer, polarization phenomena in ionic conductor, chemical catalyst kinetics, etc. (see [3, 4, 6-9, 14, 15, 17] and the references cited therein). In [4] the authors have given some conditions under which the solution u of (1.1)-(1.3) quenches in a finite time and the quenching occurs only at the boundary x = a. They proved that u t blows up at quenching set and also gave the quenching rate near the quenching time T , which in other word says that there exist
. From our knowledge, the numerical approximation of equations (1.1)-(1.3) has not been studied. Thus, in this paper, we are investigated in the numerical study using a semidiscrete form of (1.1)- (1.3) . For that, we consider the case where a = 1. Let I ∈ N. We consider a uniform mesh on the interval [0, 1] as
. . , U I (t)) T are the values of the numerical approximation at the nodes x i at time t of the solution of (1.1)-(1.3). By the finite difference method we obtain the following system of ODEs whose solution is U h :
where 0 ϕ i < 1, 1 i I and
We say that the solution of (1.4)-(1.7) quenches in a finite time
T h is called the semidiscrete quenching time of (1.4)-(1.7). For study on numerical approximations of heat equation with non-linear boundary conditions we refer to [1, 5, [10] [11] [12] [13] 16 ]. Nabongo et al. in [12] were interested in the numerical study using a semidiscrete form of
where β > 0. They showed that some conditions under which the positive solution of the numerical approximation for this heat equation quenches in a finite time, they also established the convergence of the semidiscrete quenching time and obtained some results on numerical quenching rate and set.
Inspired by [4, 5, 12] , we give some conditions under which any positive solution of semidiscrete scheme of (1.1)-(1.3) quenches in a finite time. We also show that the semidiscrete quenching time converges to the theoretical one when the mesh size goes to zero. The rest of the paper is organized as follows : in the next section, we give some properties concerning our semidiscrete scheme. In Section 3, under some conditions, we prove that the solution of the semidiscrete scheme of (1.1)-(1.3) quenches in a finite time, we give a result on numerical quenching rate. In Section 4, we show that the quenching time converges to the theoretical one when the mesh size goes to zero. Finally, in the last section, we give some numerical results to illustrate our analysis.
Properties of the semidiscrete scheme
In this section, we give some auxiliary results for the problem (1.4)-(1.7).
. On the other hand, we say that
is an upper solution of (1.4)-(1.7) if these inequalities are reversed.
Proof. Let us define the vector Z h (t) = V h (t)e λt with λ a real. We have
It is not hard to see that
moreover by a straightforward computation we get
but these inequalities contradict (2.1) and the proof is complete.
Another form of the maximum principle for semidiscrete equations is the following comparison lemma.
where ζ(t) and ξ(t) lie, respectively, between V 1 (t) and W 1 (t), and between V I (t) and W I (t). We can
The results of the next lemma are analogue to those of continuous problem.
Proof.
(i) Since ϕ h is a lower solution of (1.4)-(1.7), we have U i (t) ϕ i 0, for i = 1, . . . , I, t ∈ (0, T h ), by Lemma 2.3.
(ii) Let t 0 be the first t > 0, such that
Without lost of generality, we can suppose that i 0 is the smallest integer which satisfies the above equality. We have
which imply that
but these inequalities contradict (1.4)-(1.6) and we obtain the desired result.
where η(t) and ξ(t) lie, respectively, between U 1 (t + ε) and U 1 (t) and between U I (t + ε) and U I (t). We obtain the below inequality by the same manner as Lemma 2.3
This fact implies the desired result.
Quenching and quenching rate
In this section, under some assumptions, we show that the solution U h of (1.4)-(1.7) quenches in a finite time and estimate its semidiscrete quenching time. Moreover we determine the numerical quenching rate and quenching set of the solution.
Theorem 3.1. Let U h (t) be the solution of (1.4)-(1.7) such that the initial data ϕ h is a lower solution, assumption q p > 0. Then there exists a positive constant γ such that U h quenches in a finite time T h and we have the following estimate
Proof. Let (0, T h ) be the maximal time interval on which 0 U h (t) < 1. Our aim is to show that T h is finite and satisfies the above inequality. Introduce the function J h (t) such that
A straightforward calculation gives
, where θ i and µ i lie, respectively, between U i and U i+1 , and between U i and U i−1 . It is not hard to see that
Moreover, using the fact that ϕ h is a lower solution, we obtain J h (0) 0. We deduce from Lemma 2.2 that J i (t) 0, i = 1, . . . , I. As a consequence we get
(3.1)
Integrating (3.1) from 0 to t we obtain 
Proof. From Theorem 3.1 U h quenches in a finite time T h . Integrating the above inequalities (3.1) over
for t ∈ (0, T h ). It follows from (1.6) that
which implies that (1 − U I (t)) q dU I (t) 2 h dt. Thus we have
, and we have the desired result. From (1.4)-(1.6) and lemma 2.4 we get
As t → T − h , the left-hand side tends to infinity while the right-side is finite. This contradiction shows that U h (t) blows up.
Convergence of the semidiscrete quenching time
In this section, we study the convergence of the semidiscrete quenching time. Now we will show that for each fixed time interval [0, T ], where u is defined, the solution U h of (1.4)-(1.7) approximates u when the mesh parameter h goes to zero. We denote u h (t) = (u(x 1 , t) , . . . , u(x I , t)) T and U h (t) ∞ = max Then, for h small enough, the semidiscrete problem (1.4)-(1.7) has a unique solution
Then the problem (1.4)-(1.7), for each h, has a unique solution U h ∈ C 1 [0, T * ], R I . Let t(h) T * be the greatest value of t > 0 such that
The relation (4.1) implies t(h) > 0 for h small enough. Using the triangle inequality, we obtain
which implies that U h (t) ∞ 1 + σ, for t ∈ (0, t(h)). 
We deduce that
Suppose that T * > t(h) from (4.2), we obtain
Since the term on the right hand side of the above inequality goes to zero as h tends to zero, we deduce that, 1 0, which is impossible. Hence we have t(h) = T * , and the proof is complete. Proof. Set ε > 0. There exists η > 0 such that
Since u(x, t) quenches in a finite time T , there exists a time T 0 < T such that |T 0 − T | < ε 2 and 0 u(
Applying the triangle inequality, we get
From Theorem 3.1, U h quenches in a finite time T h . We deduce from (3.2) and (4.3) that
Numerical experiments
In this section, we present some numerical approximations to the quenching time of (1.4)-(1.7), the initial data ϕ h such
where α > 0. We use the following explicit scheme
In Tables 1, 2, 3, and 4 , in rows, we present the numerical quenching times, the numbers of iterations and the orders of the approximations corresponding to meshes of 16, 32, 64, 128, 256, 512, 1024. We take for the numerical quenching time T h = +∞ n=0 ∆t n h which is computed at the first time when ∆t n h = |t n+1 h − t n h | 10 −16 . The order(s) of the method is computed from
log (2) , where h = 1/(I − 1).
For the numerical values, we take ϕ i = √ 1.5 − cos( Π(i−1)h 4 ) for i = 1, . . . , I. Table 1 : Numerical quenching times obtained with the explicit Euler method for q = 0.5, p = 0.5. Figure 1 : Evolution of the numerical solution U h for I = 64, q = 1 and p = 0.5. Figure 2 : Evolution of U h for I = 64, q = 1 and p = 0.5.
Remark 5.2. The various tables of our numerical results show that there is a relationship between the quenching time and the flows on the boundaries. If we consider the problem (1.4)-(1.7) in the case where the initial data ϕ(x) = √ 1.5 − cos( Πx 4 ) and q = 0.5, we observe from Tables 1 and 2 that the numerical quenching time is approximately equal to 0.038. When q = 1, we observe from Tables 3 and 4 that the numerical blow-up time is approximately equal to 0.0074. Thus we can said that when rise q we have an acceleration of quench of the solution. Also, from the tables we observe the convergence of blow-up time T h of the solution of (1.4)-(1.7), since the rate of convergence is near 2. This result does not surprise us because of the result established in the previous section.
